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1 Introduction 

Let V(x) be the solution of the equation 



TCX 



\/V - V In ( 



Vo 
27re 2 



7 In 



W+yv-Vo 

V-VV-Vo 



:i) 



where Vq > 0. Rationalizing the denominator, we can write ([TJ in the more 
convenient form 



nx = y/V-V lD. [ — — ~7T ) + v^ln 
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Setting 



V = V sec 2 (9), -\<®<\ 



(2) 
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in (J2J), we obtain 




tan (0) In 




+ 2 sec (6) In [sec (9) + tan (0)] . 



(4) 



It follows from (gj) that x = if 9 = or 9 = 9 , with 



Vo = 2vre 2 [sec (0 O ) + tan (0 O )] 



2scc(6» ) 



(5) 



In the first case x = and V = Vq, and in the second x = and = 



Equation (jHJ) admits a solution only when < Vo < 27r (see Figure UJ). 
Thus, © generates a family of curves for < Vo < 2-/T and it defines a single 
valued function V(x) for Vq > 2n (see Figure |2J. This was observed before 
in |2|, but without any justification. 

2 Behavior for small x 

In this section we determine the expansion of V(x) in a neighborhood of 
the point (0, Vo) . We shall distinguish two cases, depending on Vq ^ 2-k and 



V sec 2 (9 )>V . 



2tt. 



2.1 Case I: V ^ 2tt 

We consider the following expansion for V(x) 
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V(x) — Vq + flfc (7Tz) 2fc 0/ 
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fc=i 



where 
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Replacing (0) in (J2J) and expanding in powers of x, we obtain 



(l\= UJ 
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Figure 2: A sketch of V(x) for various values of V . 



4 



8 2 28 o 

as = — ui H uj 

15 9 

32 2 16 , 80 4 



•a; 5 



64 2 528 , 704 4 2288 , 
a 5 = a; H uj H H a; 

5 315 175 45 81 

512 „ 13312 „ 14144 , 5824 - 
a 6 = H H H a; 

6 3465 4725 675 81 

23296 fi 
243 

1024 2 12800 o 13312 4 356864 - 

a 7 = uj 1 H a; 3 H H cj 5 

9009 4851 525 2835 
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H u b H a; 7 

27 243 
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2095044608 fi 1036288 7 208812032 „ 6735872 „ 

H cj 6 H uj 7 H cj 8 H a; 9 

1063125 135 10935 243 

117877760 in 

H a; 19 

6561 

and, in general, CLfi IS cL polynomial of degree ninw. 

In Figures El and IH we graph V(x) and the first 10 terms of (jSJ with 
Vq = 3.1 and Vq = 7.1, respectively. 
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Figure 4: A comparison of V(x) (solid curve) and its approximation, with 
V = 7.1 (ooo). 
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2.2 Case II: Vn = 2tt 



Since u = oo when Vq = 2%, the expansion © is no longer valid. Instead, 
we shall use 



V(x) = 2ir + irJ2 b k (3x)" 5 1_fe 



7T3. 



fc=l 



Replacing (jHJ) in (J2J) and expanding in powers of x, we get 
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6350075192 
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1568439873 1944910927276317 
In Figure we sketch V(x) and the the first 10 terms of 



(8) 



3 Asymptotic behavior 

We shall now analyze the behavior of V(x) as x — > oo. From (J2J) we have 



Vn 



as V — > oo. Therefore, 



(2V\ /— 
In — - yV ~ 7ra;, x — > oo, 



which implies 



7T 2 X 2 



LW 
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x — > oo 



(9) 



where LW (•) represents the Lambert- W function .L. Note that the asymp- 
totic behavior is independent of Vo, as suggested by Figured 

In Figure El we graph V(x) and its asymptotic approximation (J9~|). 
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Figure 6: A comparison of V(x) (solid curve) and its asymptotic approxima- 
tion (ooo). 
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